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Problems in Attitude Control of Artificial
with Mass Unbalance

" Space Stations

RICHARD A. WENGLARZ*
Bellcomm Inc., Washington, D.C.

For a mass-unbalanced, axially-symmetrical space station consisting of a rotating artificial
gravity section and a despun section, there exist coning motions with amplitudes that can be
minimized by design such that the axial moment of inertia of the spinning section is as much
as possible greater than the transverse moment of inertia of the space station. This implies
that the despun section is much smaller than the spinning section and that the space station
presents a low, flat silhouette when viewed from a direction normal to the spin axis. Also,
crew compartments and compartments to and from which equipment is to be shifted should
be situated as close as possible to the space station mass center. In addition, for very large
satellites, it is found impractical to use control moment gyros to reduce the coning motion
amplitudes to within allowable limits for many experiments which will be carried in future
space stations. To alleviate the mass unbalance problem, a means of facilitating an active
mass balance system is discussed, and a lighter, simpler, passive system involving a flexible
interconnection between satellite sections is proposed for futher study.

Introduction

IN recent years several studies1"4 have been conducted on
the attitude motion of dual-spin satellites consisting of two

bodies with relative motion restricted to rotations about a
common axis fixed in both. Typically, these studies have
been oriented toward small, unmanned satellites and have not
considered several aspects pertinent to future large, long dura-
tion, manned space stations, such as attitude control by con-
trol moment gyros (CMG's) and significant mass unbalances
due to shifts in locations of crew members and equipment.

NASA is now considering for the late 1970's or early 1980's
a large manned space base which will provide artificial gravity
and zero gravity environments simultaneously in separate
sections.5 Space Base, the method being considered for pro-
viding artificial gravity, is the spinning of the artificial g
compartments so that objects within experience a radial ac-
celeration directed toward the spin axis. However, these
accelerations are imparted by forces of the satellite on the ob-
jects. The torques about the satellite mass center of the equal
and opposite reaction forces of the objects on the satellite, if

"not balanced, far exceed the gravity gradient, aerodynamic,
and other environmental torques and might be expected to
have a correspondingly greater effect on attitude motions.
Because future space stations will provide a significant degree
of flexibility of movement for crew members and equipment,
these torques inevitably will not be balanced.

Following is an analysis of the effect of mass center depar-
tures of the spinning section of a satellite from its spin axis
upon the attitude motion and CMG requirements. Also,
alternative methods for reducing the amplitudes of these mo-
tions are discussed.

System Description

The space station dynamical model to be considered is
shown in Fig. 1 and consists of two sections attached on a
common axis. The satellite is stabilized by control moment
gyros providing three axis control on one of the sections. The
other section is driven by a motor at a constant rate relative
to the first about the common spin axis. Displacement of the

mass center of the spinning section from the spin axis is repre-
sented by a mass particle attached to the spinning section.

System details and terminology are given as follows:
The spinning section is termed body B and the other is termed
body A. The spin axis intersects the mass centers of both
bodies. The composite mass center is denoted by S* and lies
along principal axes of inertia of A and B, the corresponding
principal moments of inertia being A* and Bs. For each body
A and B, the principal moments of inertia about any line nor-
mal to the spin axis are equal and are denoted by A\ and BI,
respectively. The rotation rate of B relative to A is co, a
constant. The mass particle is termed P with mass m and its
position is designated by a distance I from $* along the
satellite spin axis and a distance r from the spin axis. The
three CMG torque output axes are fixed with respect to A
and lie along the spin axis (designated the 3 axis) and mu-
tually perpendicular lines (designated the 1 and 2 axes) nor-
mal to the spin axis. If the orientation of this mutually
right-handed orthogonal set of axes is given with respect to an
inertially fixed set of axes by a 1,2,3 sequence of three axis
Euler rotations 0i, $2, and <£3, then the CMG control torques
are assumed given by

i = 1,2 (1)

Fig. 1 Dual spin
system.
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Equations of Motion

The exact dynamical equations of motion can be formulated
by writing Euler's dynamical equations for the composite
A-B body and the dynamical equations for the particle P sep-
arately. The equations for each contain the reaction force
between A -B and P and elimination of that quantity results
in the equations of motion for the whole system made up of
A, B, and P. Gravity gradient and other environmental
torques are neglected in the determination of the equations of
motion because, for the rotation rate co much greater than or-
bital rate, their magnitudes are very much smaller than the
magnitude of torque associated with the mass particle P.

The exact dynamical equations of motion can be shown to
be

+ Fi(4>i,(l>i,$i,<»)t) (2)

<a*mrk<at +
famrlcut — famrlsut + $z(A* + ft +

(3)

where scot = sinco£, ccoi = cosco£ and Fj,(<l>i,<j>i,$i,<»)t), i,j =
1,2,3 represent nonlinear functions of <fri,<j>i,$i that are pe-
riodic in t of period 2 TT/CO and which when expanded in a power
series have all terms of the second power and higher in
4>i,<j>ij$i. Ji is the principal moment of inertia of the com-
posite A-B body at the composite mass center S* in any direc-
tion normal to the spin axis.

For the above nonlinear differential equations with periodic
coefficients, standard techniques of solution are not available.
However, these can be expressed in a suitable form for which a
method of successive approximations can be proved to yield
steady state solutions to any desired accuracy.

Defining a new independent variable,

T = u/2irt = ut

(d/d£)( ) = w(d/dr)( ) = « ( ) '
Equations (2-4) may be written

fa"{\ + e[d* + i(l - c2pr)]} - faf'

fa'(ki + es2pr)

+ .c2pr)]}

c2pr)] +

(5)

(6)

-edp*spr +

fa''(e/2)s2pT + fa" {I + e[d*

fa'cdspr - 0i'[6 + e

</>2;(^i — es2pr) — fa'2

(7)

(8)

where

ee)

e = mr*/Ji, kQ = K0/w2Ji, ki =
b = ft/Jx, /c03 = Kn/w*(At + B,),

ku = #i3MA3 + ft), d = Z/r,
£> = /!/(A, + ft), P = 27T

(10)

Solution of Eqs. (7-9) for fa*, fa", fa" and setting

Xi = 0,-, i = 1,2,3; Z,- = Z i-37, i = 4,5,6 (11)

gives equations of motion in a standard matrix form

' = AX+f(X,r) + eg(r)
where

A =

" 0
0
0

— ko
0
0

0
0
0
0

— k0
0

0
0
0
0
0

-&03

1
0
0

-fe
b
0

0
1
0

-6
—ki

0

0
0
1
0
0

-kn_

(12)

(13)

and/(X,r) and g(r) are periodic of period 1, with the average
of g(r) over a period equal to zero. It can also be shown that
f(Xjt) consists of terms proportional to at least the first power
in e or nonlinear terms that approach zero as X2 for X ap-
proaching zero, and there is a constant c, related to system
parameters, such thatf

for

\f(X,t) -f(Y,t)\ < ec\X - Y\

1*1 =

(14)

sufficiently small. In addition Routhian analysis6 can be used
to show that the characteristic roots of matrix A have nega-
tive real parts for fco, ki, ko3j kn> Q. Consequently, the results
of Appendix A establish that for e sufficiently small, the steady
state solution to the equations of motion [Eq. (12) or Eqs.
(7-9)] is periodic of period 1 in r. Also, for sufficiently
small e, this solution is accurately represented by the first
approximation of the method of successive approximations
set forth in Appendix A.

The mass m is assumed to be very small in comparison to the
total mass of bodies A and B. Then € is a very small quantity
and applying the method of successive approximation of Ap-
pendix A and neglecting terms of higher than the first power in
e yields

fa = 5[-(i -f R0)

fa = 5[Ei sinpr + (1 +

+ R± cospr]/p2 (15)

cospr]/p2, fa = 0 (16)

where

P
2 = (1 + #0)2 + (17)

where the dimensionless quantity § is a measure of the mass
unbalance and dimensionless quantities RQ and R\ are mea-
sures of the level of attitude control and

8 = mr//(ft - - /i),
- /i) (18)

Discussion of Solution

For small amplitude motions, the angle \l/, which the satellite
spin axis makes with its nominal direction (that for which fa
= fa = 0), is accurately given by

Since \l/ is constant with respect to r, the satellite spin axis
once each period T = 2?r/co sec traces a right circular cone
with half angle equal to if/.

For the space station motion given by fa, fa, fa of Eqs.
(15-17), the minimum magnitude H of the total CMG spin
angular momentum necessary to provide the control torques of

t The significance of Eq. (14) is developed in Appendix A.
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Eq. (1) is determined in Appendix B as

H = #0(#o2 + #i2)1

where

HO = mrlu

(20)

(21)

Also, the magnitude T of the CMG control torque can be
shown to be

T = (TV2 + 7Y2 + 7Y2)1/2 = uH (22)
Now the values of \///d and H/H0 can be plotted against RQ

for varying RI. However, the nature of these curves depends
upon whether #3 — Ji is greater than or less than zero. De-
fining

g± = ±5, R0± = ±RQ) R!± = ±.Rl (23)

where the positive sign is taken for £3 — Ji > 0, and the nega-
tive sign is_ taken for Z?3 — J\ > 0, Fig. 2 shows the variation of
\l//d and H/HQ with respect_to R0

+ and R\+ and Fig. 3 shows
the variation of \l//b and H/Ho with respect to RQ~ and R{~.
These plots reveal that_:

(1) The \f//d and H/HG curves for B3 - /i > 0 always lie
below the corresponding curves for Bz — Ji < 0. Conse-
quently, for minimizing the satellite coning angle and required
CMG spin angular momentum, it is preferable for the space
station design to be such that the .moment of inertia of the
spinning section about the spin axis is as much as possible
greater than the moment of inertia of the space station about a
direction normal to the spin axis.

2) For a space station with #3 — Ji < 0, values of K0 in
the region of KQ = co2(/i — Bz) should be avoided.

3) For decreasing R0
+, Ri+ or R0~, RI" corresponding to

decreasing CMG spin angular momentum, the space station
coning angle approaches

= 5 = \mrl/(B, - J,)\ (24)

This limiting value of \f/ = d shall hereafter be termed the light
control coning angle. For increasing R0

+, RI+ or R0~, Ri~,
the control moment gyros cannot have significant effect in de-
creasing the space station coning angle until the magnitude of

H/Hp VS RQ AND R!

RO = K0/w2(J, -B3)
K,/w(J, -B3

Fig. 3 Coning angle and minimum CMG momentum for
#3 < /I-

their composite spin angular momentum is of the order of the
limiting value

H = = mrlu (25)

Fig. 2 Coning angle and minimum CMG momentum
for #3 > /i-

4) Both coning angle and minimum required CMG angu-
lar momentum are proportional to rl. Consequently, to
minimize these quantities, crew compartments and compart-
ments to and from which equipment is shifted should be lo-
cated as close as possible to the satellite mass center.

Application to a Space Station Configuration

One configuration (Space Base) suggested for study by
NASA5a is capable of supporting a crew of fifty and is com-
prised of a hub with a nonrotating section and a rotating sec-
tion to which three arms are attached in a Y fashion and which
is spinning so as to provide artificial gravity compartments at
the extremities of one of the arms. This configuration has
the worst unbalance characteristics for a supply spacecraft
docked to the nonrotating section. For this case, the space
base might be supposed to have the same (to within NASA's
margin of error in their moment of inertia estimates) moment
of inertia of Ji = 7 X 108 slug-ft2 about any line normal
to the spin axis and a spinning section axial moment of inertia
of Bs = 9.5 X 108 slug-ft2. Considering an unbalance mass of
300 slugs, equivalent to the mass of the Space Base elevator
fully loaded and located at the artificial gravity compartment,
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then r = 170 ft, I = 20 ft and the light control coning angle is
^ = 5 = 0.23°.

A coning angle of 0.23° might well be unacceptable for sev-
eral reasons. This amplitude of motion is outside the point-
ing accuracies required for some space station experiments,7
especially those involving astronomical telescopes. Also, for
this amplitude and co = 4 rpm, locations within the despun
section and at distances greater than four feet from the space
station mass center experience instantaneous accelerations
greater than 10~4 g. Some experiments, such as those involv-
ing crystal growth, require accelerations perhaps less than
io-V

Now, if for these or other reasons ̂  is unacceptable, then, as
declared in statement 3) previously, for a significant reduction,
the CMGs must have a magnitude of total spin angular mo-
mentum of at least the order of Ho, H = H0 = 425,000 ft-lb-
sec, a value very much beyond the capability of existing CMGs,
optimistically 6000 ft-lb-sec for three CMGs.

Reduction of Amplitude of Motions

.Mass Balancing System

jit has been shown that, for very large artificial g space
stations, CMGs offer little hope in reducing the amplitude of
the angular oscillations induced by mass unbalance. Also,
because of the large mass of fuel necessary, reaction jet atti-
tude control systems appear impractical for long duration
manned orbital missions. Consequently, special systems may
well have to be employed. One such system which has been
suggested5b involves providing counterbalance mass shifts by
pumping of fluids or by movement of massive bodies.

The influencing factor in producing satellite coning results
from the torque of the radial acceleration force of the mass
unbalance particle. Components of this torque with respect
to a ft, 02, /33 axis system with origin at the satellite mass cen-
ter, 03 in the direction of the spin axis, and the axis system ro-
tating about 03 at rate co are

MI = sin0, M2 = mrco2/ cos0 (26)

where 6 is the angle between the 0i axis and the radial line
intersecting the unbalance mass.

Now if N movable counterbalance masses m» can be shifted
Ar», Alt, A#; from their positions, represented by cylindrical
coordinates r;, Zt-, 6t, for which the mass center of the spinning
section lies on the spin axis, then for the above unbalance
torques MI and M 2, these shifts can be used to result in the two
components of net torque about the satellite mass center being
equal to zero.

CO2 1

N
mrl siiiB + X] (m< + Am,-)(r,- + Ar<)(Z.- + AZ,-) X

N . f ~~|
sin(0.,- + A0,-) - X Wirt-Zi sin0; = 0 (27)

Fig. 4 Flexible connection
between space station sec-

tions (\f/ exaggerated).

[ N
mrl cosfl Ar »

A0,-) -

X

= 0 (28>

Since the quantities mt-, r», J», and ^» are known quantities
(indicating masses and locations of the counterbalance par-
ticles), then choosing at convenience all but two of the 4]V
quantities Am; (representing transfer of a fluid mass to or from
a location), A/\, A^, and A0 t (representing mass shifts), Eqs.
(27) and (28) can be solved for the remaining two unknowns,
provided the quantities m, r, I, and 6 of the unbalance mass
can first be found.

These are determined as follows: From Eqs. (15) and (16),
the maximum amplitude L of fa and fa is given by

L = \mrl/(B9 - Ji)p| (29)

are given by Eq. (18). Then, mrl can bewhere RQ and
determined

mrl = \L(B* - (30)

Also, values of r = 0,1,2,. . . indicate the instants at which the
radial line from the spin axis to the unbalance mass is parallel
to a unit vector in the direction of the first CMG output axis.
Then, by Eqs. (16) and (29), at r = 0,1,2,. . ., the ratio Q of
the amplitude of fa to its maximum amplitude is given by

Q = (I + JB0)/p (3D

Because the satellite oscillations fa and fa can be obtained
with attitude sensors attached to the despun section of the
satellite, then, since BS)Ji,Ro, and Ri are known quantities and
the maximum amplitudes of the fa and fa oscillations can be
measured from the sensor outputs, the quantity mrl can be de-
termined from Eq. (30). Also, at the instant the measured fa
oscillation reaches the ratio Q of its maximum value, the radial
line intersecting the unbalance mass is parallel to a known line
and the angle 6 of Eq. (26) can be determined. With this
information, Eqs. (27) and (28) can be solved to give the mass
shifts necessary to eliminate the satellite coning.

This method of mass balancing assumes that the spinning
body B is axially symmetrical and that the spin axis lies along
a principal axis of inertia of B. Consequently, some of the
4N-2 quantities Am*, Ar*, AZ», and A0* which are prescribed
must be chosen so as to insure that body B retains axial sym-
metry and that the principal axis of B remains along the spin
axis. Also, steady state conditions have been assumed so that
if the usual time intervals between mass shifts of crew and
equipment are less than system decay time, or if velocities and
accelerations of counterbalance masses are sufficiently large to
produce potentially destabilizing effects, then transient effects
must be considered.

Passive System

Since space station experiments requiring very small atti-
tude motions would not likely be housed in the spinning arti-
ficial gravity section, it may be possible to bypass the coning
problem by allowing the spinning section to experience the
coning motion but providing an interconnection to the despun
section that does not transmit significant torques in directions
normal to the satellite spin axis. Then the amplitude of the
motion performed by the despun section could be much
smaller than that of the spinning section. One possible con-
nection, shown in Fig. 4, might be a bellowslike tube which
may or may not enclose a pressurized volume.

This means of alleviating satellite coning effects induced by
mass unbalance of a spinning artificial gravity section offers
the advantages over the active mass balance system of involv-
ing a passive system with greater simplicity and lower weight
and, having apparently heretofore not been considered, should
be investigated in the future.
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Appendix A: Periodic Solutions of a Set of
Differential Equations

A method of successive approximations has been set forth
by Farnell, Langenhop, and Levinson8, which provides arbi-
trarily good approximations to stable periodic solutions of sys-
tems of differential equations of the form

x' = Ax + f(x,ut) + cg(at) (Al)

where x is a vector with m components #», A is a constant m X
m matrix with characteristic roots having negative real parts,
the vector functions/(z,0 and g(t) are continuous and periodic
in t of period 1 with the average of g(t) over a period equal to
zero, e and co are constants, and

(A2)

for small enough

M, \y\ = *=i
uniformly in t and some constant c sufficiently small.

Then if e is sufficiently small or co is sufficiently large there
exists a periodic solution x* = p(t) of period 1/co. This is
stable for x(to)\ sufficiently small, and the steady state solu-
tion to Eq. (Al) as t -*°° isx(t) = p(t) provided e/(l + co) is
sufficiently small.

The statement (A2) is somewhat different from that given
in Ref. 8, and the following is a correspondingly modified out-
line of the proof of the approximation method given there.
If

x(t) = e r
J —— 0

(A3)

has a solution, then Eq. (Al) is satisfied by that solution.
If a method of successive approximations is defined

(A4)

= € r
J —

r
J —— 0

then

(A5)

(A6)

and for \fg(^r)dr\ uniformly bounded, it can be shown that
there is an N such that

< maxlo^COl < eN/(l + co) (A7)

Now, since matrix A has characteristic roots with negative
real parts, there exist k and a > 0 such that

ke~at (A8)

and

<k

(A9)

For |x(

that
| and |xu)(r)l less than some A, it has been given

Ti _ f[x^n~^M corll < ec\x^ — x(n~l) (A10)

so that if

Mn =

then, using Eqs. (A9) and (A10)

Mn+l < (eck/a)Mn

and
n r n — l /fcfc\j~\

^\ < E M, < M, 1 + 2 ( — )
» = i L y = i \ a ' J

(All)

(A12)

(A13)

For e sufficiently small that eck/a < 1

eck/a< M^l + -^
(eck/a) X

[l + 1
 e f * 1 (AU)L 1 - (eck/a)_\

Hence, if e/(l + co) is sufficiently small that

[eN/(l + w)][l + (eck/a)/(I - eck/a)] < A (A15)

these formulas are valid and for e sufficiently small that eck/a
is a very small quantity, x(1)(t) is a good approximation to the
steady state solution of Eq. (Al).

Appendix B: Angular Momentum
Requirements for CMGs

The equations of motion for the CMG configuration may
be written in terms of the configuration composite spin angular
momentum CH, output torque Tc, and angular velocity o>^ of
body A •

X CH = - Tc (Bl)

Or, written in terms of components associated with the direc-
tions of the three CMG output axes

(B2)

77" 1 I If -L /T3Q\
j :z= xvi^>2 i -t*~Q(p2 \±JO)

= #1303 + #0303 (B4)

Now the value of the Ui component of o>A is equal to 0t,
i = 1,2,3, to the first power in d and substitution of 0; from
Eqs. (15-17) for m in Eqs. (B2-B4) yields

(B5)

(B6)

(B7)

HI -j- 02#3 = #101 + #001

HZ — <t>lHs = #102 + #002

Hz +' 0lft — 02^1 = 0

Multiplying Eq. (B5) by 0i, Eq. (B6) by 02, and adding the
result, it can be shown using Eqs. (15) and (16) that

where pi and p2 are terms involving R0 and Ri, which implies
that #1 and #2 are proportional to d and by Eq. (B7) #3 is
proportional to 52. Then, to the first power in d,

HI = #101 + #001

#2 = #102 + #002

# 3 = 0

(B9)

(BIO)

(Bll)

Integrating and considering the mean value of #1, #2, and
#3 to be zero in order to minimize |°#|, then the amplitude H



1166 R. A. WENGLARZ J. SPACECRAFT

of the CH vector is given to the first power in d by
B = (HS + #22 + #32)1/2 =

where R0, Ri are defined by Eqs.(18) and
Ho = mrZco
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